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We briefly comment on a paper by Rubano and Scudellaro [astro-ph/0103335]
where they found general exact solutions for two classes of exponential po-
tentials in a scalar eld model for quintessence. In that paper the authors
were led to some interesting conclusions after a proper choice of the integra-
tion constants. By using dimensionless variables we show that the integration
constants can be found explicitly without additional assumptions. In conse-







In a recent paper [1] Rubano and Scudellaro found general exact solutions for two classes
of exponential potentials in a scalar eld model for quintessence. In that paper the au-
thors studied a two-component perfect fluid (dust plus a scalar eld) and considered an
exponential potential and a combination of two exponential potentials for the quintessence





R + Lφ + Lmg,
where Lm is the Lagrangian for the matter degrees of freedom and the Lagrangian for the






2eσφ + B2e−σφ, (2)
where σ2 = 12piG
c2
and A2 and B2 are generic constants.
In Ref. [1] a flat (k=0) FRW universe was studied and the corresponding eld equations




























_φ + V 0j (φ) = 0, (5)
where D is the amount of matter (see Ref. [1]), the dot means derivative in respet to the
cosmic time, the comma denotes derivative in respect to φ, and j = 1, 2. In that paper
Rubano and Scudellaro were able to nd general exact solutions to the above system of
equations by introducing a pair of new variables:
2















A(u− v) ], (7)
in the second case (potential V2, Eq. (2)). The general solutions they found are:








2 + v1t + v2, (8)
for the rst class of potential V1(φ) and,
u(t) = αeωt + βe−ωt, v(t) = v1 sin ωt + v2, (9)
for a combination of two exponentials V2(φ), where ω = ABσ
2.
In Ref. [1] the authors studied dierent situations by properly choosing the integration
constants in Eqs. (8) and (9). The point of the present paper is to show that the integration
constants in Eqs. (8) and (9) can be explicitly found without making additional assumptions
if we introduce dimensionless variables. In eect, let us introduce the dimensionless time
variable τ = H0t, where t is the cosmic time and H0 is the present value of the Hubble pa-
rameter, and the dimensionless scale factor a(τ) = a(t)
a(0)
. In these variables H(τ) = _a(τ)/a(τ)
where, from now on, the dot means derivative in respect to the dimensionless time τ . Then
we have that, at present (τ = 0),
a(0) = 1, _a(0) = 1) H(0) = 1. (10)
Besides the changes t ! τ
H0













! D, where ρm0 is the density of matter. After
this rescaling, one can check that σ2D = 9
2
Ωm0 and, besides, Friedmann Eq. (3) evaluated
at τ = 0 implies for quintessence ΩQ0 = 1−Ωm0 . The net result is that equations (1)-(5) are
unchanged but the constants and parameters, for instance ω = ABσ2, are now dimensionless.
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While nding the four integration constants in Eqs. (8) and (9) respectively, we can use the
two conditions in Eq. (10) and two of the eld equations (3)-(5) (for instance (3) and (4))
evaluated at τ = 0. For the potential of the class V1 (Eq. (1)) we nd that the integration













































where q0 = −(1 + _H(0)) is the present value of the deceleration parameter and, the
() and [], allow for four dierent branches of the solution (8). Since, in Eq. (11),√
2(1 + q0)− 3Ωm0 should be real, then the following constraint holds,
q0  −1 + 3
2
Ωm0 . (12)
In the limiting situation in which q0 = −1 + 32Ωm0 ,1 there survive just two branches of
































In this limiting case, the solution (8) can be rewritten as follows








1This condition can be written, also, in the equivalent form q0 =
Ωm0
2 −ΩQ0, where the quintessence
eld stands for a dynamical cosmological constant. This relatinship is often used in the bibliography


















After this we see that both "+" and "-" branches of the solution are equivalent and,
besides, that neither the evolution of the scale factor a(τ) = [u(τ)v(τ)]
1
3 nor the evolution
of the potential V1(u, v) = B
2u(τ)/v(τ), depend on the value of the generic constant B in
V1(φ)(Eq. (1)). In general, from Eqs. (11) and (6), one sees that the relevant magnitudes
characterising the evolution of the universe depend only on two parameters q0 and Ωm0 .
These are not sensible to the particular value the dimensionless constant σB takes.
For the second potential V2(φ) (Eq. (2)) the situation is more complex. In this case the
integration constants α, β, v1, and v2 in the solution (9)are found to be
α =
2ω + 3− ()p3
√
q0 + 1− 32Ωm0
2ωu(0)
+
2ω + 3 + ()p3
√




2ω − 3 + ()p3
√
q0 + 1− 32Ωm0
2ωu(0)
+
2ω − 3− ()p3
√





4ω2(u2(0)− 4)2 + f(3 + ()p3
√




























so there are 8 branches of the solution. As before the situation simplies if we consider the
limiting case when q0 = −1 + 32Ωm0 . In this case the above integration constants look like
α =





















16ω4 + 81(1− Ωm0)2
ω2
. (18)
Now we proceed to analize in more detail the solutions (8) and (9) in the limiting case
studied above so, the integration constants are given by Eqs. (13) and (17,18) respectively.
For both potentials (1) and (2) this is the simplest situation. We want to recall that our inte-
gration constants dier from those in Ref [1] in a constant factor making them dimensionless
quantities.
In the rst case (solution Eq. (8)) we can check that the constraint Eq. (16) of Ref. [1]
is just an identity and no special assumption on the possible values of the constants u1, u2
and v1 can be extracted from it. In particular, the claim in Sec. II. B of Ref. [1], that the
solution of Ref. [2] can be recovered if v1 = v2 = u2 = 0 is not justied in this case, since
(see Eq. (13) of the present paper) v2 = 1/u2 and v1 = 3/2u2 so this possibility is forbidden.
Besides, according to Eq. (13) in the present paper, u2 = 0 implies Ωm0 = 1 which is





in Ref. [2] for the potential V (φ) = V0 e
−λφ (we consider units in which mp = 1), can be
recovered from the solution for u(τ), v(τ) in Eq. (14) (limiting situation), if we consider
τ >> 1. In this case the ratio u(τ)/v(τ)  6
(σBτ)2
. The corresponding solution in Ref. [2] is




. Therefore, direct comparison of the






, λ = σ and τ0 = −u2u1 = −23 .
Another possibility Rubano and Scudellaro analized in Sec. II. B of Ref. [1]: u1 = v1 =
v2 = 0 is forbidden too since, according to Eq. (13), u1 = 9/4v1 = 3u2/2. In general
(q0  −1 + 32Ωm0), a careful reading of Eq. (11) in the present paper, leads to the following
conclusions: First, u2 can not be zero since, in this case we would have q0 = 2 − 32Ωm0
in obvious desagreement with the experimental data [3]. Second, u1 and v1 can not be
zero at the same time. Third, v2 can not be zero because u2 is always a nite quantity
that is determined by experimets. Basides, the time coordinate begining can not be xed
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arbitrarily. In particular, a choice (considered in Sec. II. B of Ref. [1]) such that a(0) = 0,
yields u2 = 0 or v2 = 0, or both, so it is forbiden. However, the choice τin = −u2/u1 is
compatible with Eq. (11) (unless u1 = 0).
It is worthy of mention that, the limiting situation in which q0 = −1 + 32Ωm0 , yields a
unique xing of the Ωm0 once q0 is given so, the integration constants depend only on one
parameter (say Ωm0). For instance, for q0 = −0.55 we have that Ωm0 = 0.3, in agreement
with current experimental observations [2,3]. It is also noticeable that, as noted before in
this paper, the solution (8) with the integration constants given by Eq. (13) leads to the
scale factor being not dependent on the value of the generic constant B in the potential
V1(φ). Another fact that deserves interest here is that the experimental data (the observed
values of Ωm0 and q0) can be accomodated even in this simple model with a single exponetial
potential.
In wath respect the more complex potential V2 and the corresponding solution Eq. (9),
with the integration constants given by Eq. (15) and (16) (or Eq. (17) and (18) in the
limiting case where q0 = −1+ 32Ωm0), we will not make a detailed analisis since it is complex,
and is similar to the former. However we want to point some details in the simplest, limiting
situation mentioned above. In this case the integration constants are given by Eqs. (17)
and (18). Therefore, the choice of the time-coordinate begining such that a(0) = 0 is
incompatible with Eq. (17) since, in this case (α = −β [1]), ω = 0 yielding that u(0) is
undened (see Eq. (18)). As in the former (simpler) case, the experimental data can be
accomodated in this model since , the integration constants depend on Ωm0 and q0 and,
giving values for these magnitudes (that are xed by experimental observations) implies
just a rescaling of the constants.
The model for quintessence studied in Ref. [1] yields an eternally accelerating universe
with an event horizon that seems to be incompatible with superstring theory [4]. One
possible way to make this model compatible with observational evidence for a presently
accelerating universe and with the absence of event horizons, is to add a negative constant
term to the potentials Vj, equivalent to having a negative cosmological constant [4]. In a
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forthcoming paper we explore this possibillity.
This short paper is dedicated to the memory of our colleague and friend Angelo Gino
Agnese who introduced us to this subject.
We acknowledge MES of Cuba by nancial support of this research.
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